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Abstract
We study the angular distribution of the scission neutrons in a time dependent approach. This implies the numerical solution of the
bi-dimensional time-dependent Schro¨dinger equation (TDSE) with time-dependent potential. To describe the axially symmetric
extremely deformed nuclear shapes involved, we have used modiﬁed Cassini ovals. The Hamiltonian in cylindrical coordinates
is discretized on a bi-dimensional grid, using ﬁnite diﬀerence approximations of the derivatives. The initial wave-functions for
TDSE are the eigensolutions of the stationary Schro¨dinger equation whose potential corresponds to the pre-scission point (when
the neck connecting the primary ﬁssion fragments starts to break). The time evolution is calculated by a Crank-Nicolson scheme
until the neck dissappears (the post-scission point). The resulting wave-functions are then propagated keeping the last conﬁguration
to further intervals of time. We investigate the nucleus 236U at diﬀerent mass asymmetries. The numerical solutions can be used
to evaluate relevant physical quantities. Among them, the current density, a key quantity in the angular distribution calculation.
The angular distribution of the scission neutrons is a priori a way to separate them from other neutron components. Moreover
our preliminary results show a striking similarity with the angular distribution of the neutrons evaporated from fully accelerates
fragments.
c© 2013 M.Rizea, N.Carjan, T.Wada. Published by Elsevier B.V.
Selection and peer-review under responsibility of Joint Research Centre - Institute for Reference Materials and Measurements.
Keywords: nuclear ﬁssion; scission neutrons; bi-dimensional time-dependent Schro¨dinger equation; spatial distribution of the emission points;
neutron multiplicity; current density; angular distribution
PACS: 02.60.Lj, 02.70.Bf, 25.85.Ec
2000 MSC: 65M06, 81Q05
1. Introduction
The prompt neutrons emitted during nuclear ﬁssion have two main components well separated in time: neutrons
released during the scission process and neutrons evaporated from the fully accelerated fragments. Since there is a
real diﬃculty in experimentally separating them, theoretical approaches are very useful in predicting features that can
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in principle identify the two components. For instance, the angular distribution with respect to the ﬁssion axis was
considered to be the best observable that could make the distinction between the scission neutrons and the evaporated
ones.
In this study we use a realistic time-dependent approach to the angular distribution of the scission neutrons based
on our dynamical scission model (Rizea and Carjan, 2011). It implies the numerical solution of the bi-dimensional
time-dependent Schro¨dinger equation (TDSE) with a time-dependent potential.
2. The bi-dimensional Schro¨dinger equation
We consider axially symmetric deformed nuclear shapes and we use cylindrical coordinates. The total wave func-
tion has two components, corresponding to spin-up and spin-down:
Ψ(ρ, z, φ, t) = f1(ρ, z, t)eiΛ1φ| ↑〉 + f2(ρ, z, t)eiΛ2φ| ↓〉,
where Λ1 = Ω − 1/2, Λ2 = Ω + 1/2 and Ω is the projection of the total angular momentum along the symmetry axis.
Due to the axial symmetry, φ is omitted and TDSE has the form
i
∂Ψ(ρ, z, t)
∂t
= H(ρ, z, t)Ψ(ρ, z, t), (1)
withH given by:
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Δ is the Laplacean, V is the potential, C is a constant and the operators S a, . . . , S d represent the spin-orbit coupling
(Damgaard et al., 1969). The nuclear shape is described in terms of Cassini ovaloids. This representation depends on
a set of parameters; in our case we considered two: α (elongation) and α1 (mass asymmetry). By the transformation
g1,2 = ρ1/2 f1,2 (Liouville), the ﬁrst derivative from Δ is removed, resulting a simpliﬁed Hamiltonian Hˆ with the wave-
function Ψˆ having the components g1, g2 - see (Rizea and Carjan, 2011). The TDSE is correspondingly transformed.
The nuclear potential is given by
V(ρ, z, t) = −V0 [1 + exp(Θ/a)]−1 (3)
where V0 is the depth and a the diﬀuseness. The quantity Θ is an approximation to the distance between a point and
the nuclear surface, described by time dependent Cassini ovals. The spin-orbit interaction is taken proportional to the
gradient of V (Pashkevich, 1971).
2.1. Numerical solution of TDSE
To solve the TDSE we use the following scheme (of Crank-Nicolson type), which includes the derivative Hˆ′ = ∂Hˆ
∂t :
(1 +
iΔt
2
Hˆ + iΔt
2
4
Hˆ′)Ψˆ(t + Δt) = (1 − iΔt
2
Hˆ − iΔt
2
4
Hˆ′)Ψˆ(t).
This scheme has important properties of stability and norm conservation. Its error term is proportional to Δt3. To
apply the scheme, the inﬁnite physical domain should be limited to a ﬁnite one, [0,R] × [−Z,Z], which is discretized
by a grid with the mesh points: ρ j = jΔρ, 1 ≤ j ≤ J (ρJ = R), zk = kΔz, −K ≤ k ≤ K (zK = Z). At each point
the partial derivatives in Hˆ are approximated by ﬁnite diﬀerence formulas. For the derivatives with respect to z we
use the standard 3-point formula, while for the derivatives in ρ, we use a special formula, which takes into account
the accomplished function transformation (Rizea and Carjan, 2011). Let us denote g(n)jk the approximation of g in the
point (ρ j, zk) and at the time tn = nΔt (g is any of g1 and g2). The solution at tn+1, represented by the values g
(n+1)
jk ,
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is obtained in terms of the solution at time tn, on the basis of the above Crank- Nicolson scheme, which turns into a
linear system, after the discretization. It is solved by the conjugate gradient iterative method (Press et al., 1986), (van
der Vorst, 1992).
As initial solution (at t0 = 0) we take an eigenfunction of the stationary Schro¨dinger equation HˆΨˆ = EΨˆ. The
potential corresponds to the starting deformation. By using the same discretization of the Hamiltonian we arrive to an
algebraic eigenvalue problem with (usually) large sparse matrix, which is solved by the package ARPACK, based on
the Implicitly Restarted Arnoldi Method (Sorensen et al., 1997).
During propagation in time, we apply transparent boundary conditions on the limits of the computational domain.
The idea is to assume near the boundary rB the following form of the solution: g = g0 exp(ikrr), g0, kr ∈ C (a 1-D
notation was used). Linear relations between gB+1 and gB then result, which are used in the ﬁnite diﬀerence formulas
for the derivatives at rB, when the Crank-Nicolson scheme is applied - see (Hadley, 1991). In two dimensions, the
algorithm is applied at each point of the grid belonging to boundaries.
3. Angular distribution evaluation
The core of the dynamical scission model (Rizea and Carjan, 2011), (Carjan and Rizea, 2012) is the calculation of
the time evolution of the neutron states in a nucleus that undergoes scission using the TDSE. To estimate the angular
distribution with respect to the ﬁssion axis of the neutrons emitted during scission we separate this calculation in two
stages:
1) The scission process itself, i.e., the neck rupture and its absorption by the fragments. The corresponding nuclear
conﬁgurations are deﬁned by a set of deformations {αi} (just before scission when the neck starts to break) and {α f }
(immediately after scission when the neck stubs are completely absorbed by the fragments) respectively. The duration
of this stage is relatively short (T = 10−22 sec) and the potential in which the neutrons move changes rapidly.
2) The detachment from the fragments of the fraction of the neutrons that are left unbound at the end of the
previous stage. Since, at this stage, their motion is much faster than that of the just separated fragments, one can, in
a ﬁrst approximation, freeze the fragments at the conﬁguration {α f }. Hence the potential in which the neutrons move
is kept constant during this stage. We follow the motion of the wave packet that describes the unbound neutrons for
2 × 10−21sec and calculate the current density at each time step. To obtain the angular distribution one separates the
tangential from the radial components of the current along the surface of a large sphere and integrate in time.
4. Physical formalism
Using the numerical solution of TDSE we determine the following quantities:
• The probability that a neutron occupying the state |Ψi〉 before scission populates a state |Ψ f 〉 after a time interval
T :
ai f = 〈Ψi(T )|Ψ f 〉 = 2π
∫ ∫
(gi1(T )g
f
1 + g
i
2(T )g
f
2)dρdz.
• The scission neutron multiplicity:
νsc = 2 ×
∑
bound
v2i (
∑
unbound
|ai f |2) = 2 ×
∑
bound
v2i (1 −
∑
bound
|ai f |2)
where v2i are the ground state occupation probabilities and the factor 2 is due to the spin degeneracy.• The emitted part of the wave packet:
|Ψiem〉 = |Ψi(T )〉 −
∑
bound states
ai f |Ψ f 〉.
• The spatial distribution of the emission points:
S em(ρ, z) = 2 ×
∑
bound
v2i |Ψiem(ρ, z)|2,
30   M. Rizea et al. /  Physics Procedia  47 ( 2013 )  27 – 32 
• The current density, a vector deﬁned as
J¯iem(r¯, t) =
i


2
2μ
( f∇ f ∗ − f ∗∇ f )
We denoted by f the function |Ψiem〉 and by r¯ the spatial coordinate vector. In cylindrical coordinates we have:
J¯iem =
i

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The components Jiρ and J
i
z of the vector J¯
i
em correspond to the state with the index i. The components for all
states are obtained by summation:
Jρ(ρ, z) = 2 ×
∑
i
v2i J
i
ρ(ρ, z), Jz(ρ, z) = 2 ×
∑
i
v2i J
i
z(ρ, z).
• The number of neutrons that leave a sphere of radius R (around the ﬁssioning nucleus) in a solid angle dΩ and
in a time interval dt is:
dνemsc = J¯em(R, θ, t)n¯(R, θ, t)R
2dtdΩ.
• The angular distribution is given by the integral with respect to t of the above quantity. The upper limit should
in principle be∞. In practice we can reach only a ﬁnite value Tmax.
• The total number of emitted neutrons νemsc at Tmax is obtained by a further integration with respect to θ (dΩ =
sin θdθ). A factor of 4π also appears due to the integration over the angle φ and to the spin degeneracy.
5. Numerical results
We investigate the nucleus 236U at diﬀerent mass asymmetries. The numerical domain is: ρ ∈ [Δρ, 35], z ∈
[−35, 35], while Δρ = Δz = 0.125 fm. The number of grid points ≈ 157000. The time step Δt = 1/256 × 10−22 sec.
The radius of the sphere is: R = 30 fm. The evaluation of the overlap integrals is performed by the Simpson formula
adapted to the speciﬁc form of the solutions g1, g2. We considered Ω = 1/2, 3/2, 5/2, 7/2 so that almost all initial
states that are bound were taken into account.
AL = 70 AL = 96 AL = 118
T νsc νL/νH νsc νL/νH νsc νL/νH
1 0.667 0.891 0.561 1.075 0.612 1.0
T νemsc νL/νH νemsc νL/νH νemsc νL/νH
10 0.109 1.759 0.118 1.424 0.121 1.0
16 0.201 1.119 0.197 1.338 0.233 1.0
20 0.247 1.056 0.258 1.348 0.283 1.0
Table 1. Partition between fragments of scission neutron multiplicity (1st criterion)
The ratios from Tables 1 and 2 correspond to two regions (light-L and heavy-H) of the interval (0◦, 180◦). The
two subintervals are θ ∈ [0◦, θn] and θ ∈ [θn, 180◦], where θn depends on the neck position (ﬁrst criterion). A second
criterion is θ ∈ [0◦, 50◦] and θ ∈ [130◦, 180◦]. These ratios represent neutrons which move left and right with respect
to a plane perpendicular to the neck. The values of 1.0 in the symmetric case (AL = 118) show the consistency of our
calculations.
In Table 3, the test relation νsc(1) = νemsc (T ) +
∫
S em(T ) is veriﬁed for selected values of T using only the neutron
states with Ω = 1/2. The agreement is quite good.
∫
S em is calculated in the interior of the sphere of radius R = 30fm.
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AL = 70 AL = 96
T νemsc νL/νH νemsc νL/νH
10 0.109 1.901 0.118 1.448
16 0.201 1.231 0.197 1.374
20 0.247 1.218 0.258 1.378
Table 2. Partition between fragments of scission neutron multiplicity (2nd criterion)
AL = 70 AL = 96 AL = 118
T νsc
∫
S em νsc
∫
S em νsc
∫
S em
1 0.323 0.322 0.389 0.389 0.358 0.358
T νemsc
∫
S em νemsc
∫
S em νemsc
∫
S em
10 0.087 0.236 0.096 0.293 0.099 0.259
16 0.154 0.169 0.150 0.239 0.184 0.174
20 0.186 0.137 0.188 0.201 0.223 0.136
Table 3. Neutron multiplicity versus integral of spatial distribution for three mass asymmetries
In Figure 1 the angular distributions at two mass asymmetries, deﬁned by the mass of the light fragment AL, are
shown for diﬀerent time intervals T. The neutrons are strongly picked in the directions of the ﬁssion fragments with a
preference for the light fragment direction at all times. The number of scission neutrons emitted perpendicular to the
ﬁssion axis in a solid angle dΩ = sin θdθ with θ ∈ (50◦, 130◦) is however comparable with the number of neutrons
emitted along the ﬁssion axis.
To provide a microscopic picture of this very anisotropic emission we plot in Figure 2 the time evolution of the
current density J¯em for AL = 96, together with the equipotential lines corresponding to V0/2 at the deformations αi, α f
and the spatial distribution of the emission points S em. At very short times after scission (T < 10−21 sec) most of the
neutrons that escaped the nuclear attraction move coherently along the ﬁssion axis. However, with lower probability,
all directions are ﬁlled. At larger times (T > 10−21 sec) the emission perpendicular to the ﬁssion axis in strongly
reduced. Some of the directions that before were around 90◦ band, enter the fragments and leave them in the direction
of their motion (i.e. around 0◦ and 180◦).
6. Conclusions
The angular distribution of the neutrons emitted at scission is calculated within a realistic scission model that is
dynamical, microscopic and quantum mechanical. It uses nuclear conﬁgurations at scission that are appropriate for
the main ﬁssion mode in the 235U(nth, f ) reaction. Although the neutrons are released in the interfragment region, they
do not move perpendicular to the ﬁssion axis but are drained into the fragments (mainly into the light one) and ﬁnally
leave the ﬁssioning system through its tips. They therefore move along the ﬁssion axis with an average velocity that
may not be too far from the velocity of the fully accelerated fragments. Curiously enough, the ratio νL/νH is close to
the experimental value (1.41 - (Skarsvag and Bergheim, 1963)) averaged over all fragment pairs. Additional features
to be introduced in the future: imaginary potential and simultaneous separation of the ﬁssion fragments.
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Fig. 1. Angular distribution at AL = 70, 96 and T = 10, 16, 20 × 10−22sec
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Fig. 2. Current density at AL = 96 and T = 10, 16, 20 × 10−22sec
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